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Instantaneous Bethe-Salpeter equation: Analytic approach for nonvanishing masses
of the bound-state constituents
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The instantaneous Bethe-Salpeter equation, derived from the general Bethe-Salpeter formalism by assuming
that the involved interaction kernel is instantaneous, represents the most promising framework for the descrip-
tion of hadrons as bound states of quarks from first quantum-field-theoretic principles, that is, quantum chro-
modynamics. Here, by extending a previous analysis confined to the case of bound-state constituents with
vanishing masses, we demonstrate that the instantaneous Bethe-Salpeter equation for bound-state constituents
with ~definitely! nonvanishing masses may be converted into an eigenvalue problem for an explicitly—more
precisely, algebraically—known matrix, at least, for a rather wide class of interactions between these bound-
state constituents. The advantages of the explicit knowledge of this matrix representation are self-evident.
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I. INTRODUCTION

In principle, the appropriate tool for the description
bound states within relativistic quantum field theory is t
Bethe-Salpeter formalism. However, attempts to solve
Bethe-Salpeter equation face several, well-known obstac
In view of this, in practical applications usually the easi
to-handle instantaneous approximation for the involved in
action kernel is considered.

In a recent paper@1# we introduced, for the somewha
simpler example of massless bound-state constituent
technique for converting the instantaneous Bethe-Salp
equation into an eigenvalue problem for an explicitly giv
matrix. Here, the analysis of Ref.@1# is extended to the cas
of nonvanishing masses of the bound-state constituents.

II. BETHE-SALPETER EQUATION AS A MATRIX
EQUATION

Our goal is to demonstrate the possibility of converti
the Bethe-Salpeter equation to a matrix equation. Thus, le
accept the same simplifying assumptions as in Ref.@1#: The
propagators in the Bethe-Salpeter equation may be app
mated by free propagators with some kind of effect
masses of the bound-state constituents. The bound-state
stituents have equal masses.

Paralleling the discussion in Ref.@1#, we consider
fermion-antifermion bound states with spinJ, parity P
5(21)J11 and charge-conjugation quantum numberC
5(21)J. The corresponding equal-time Bethe-Salpeter a
plitude, or ‘‘Salpeter amplitude,’’x involves two indepen-
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dent components,C1 and C2. For two fermions of equal
massesm and internal momentumk, in the bound state’s res
frame it reads in momentum space

x~k!5FC1~k!
m2g•k

E~k!
1C2~k! g0Gg5 ;

E(k)[Ak21m2, k[uku, is the energy of a free particle o
massm and momentumk. We confine ourselves to the cas
J50, that is, to bound states with spin-parity-charge con
gation assignmentJPC5021, denoted by1S0 in the usual
spectroscopic notation.

By expanding the Salpeter amplitude into some con
nient set of basis matrices in Dirac space and after facto
ing off the ~vector! spherical harmonics depending on th
angular variables, the instantaneous Bethe-Salpeter equ
for fermion-antifermion bound states can be reduced to a
of coupled equations for radial wave functions@2#. For pure
time-component Lorentz-vector interactions, i.e.,g0

^ g0

kernels, it reads@2,3#

2 E~k! C2~k!1E
0

`dk8 k82

~2p!2
V0~k,k8! C2~k8!5M C1~k!,

2 E~k! C1~k!1E
0

`dk8 k82

~2p!2 F m

E~k!
V0~k,k8!

m

E~k8!

1
k

E~k!
V1~k,k8!

k8

E~k8!
GC1~k8!5M C2~k!, ~1!

where, expressed in terms of a static interaction poten
V(r ) in configuration space,

VL~k,k8![8pE
0

`

dr r 2 V~r ! j L~k r ! j L~k8 r !,
©2001 The American Physical Society07-1
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L50,1,2, . . . .

Here,j n(z) (n50,61,62, . . . ) are thespherical Bessel func
tions of the first kind@4#.

Expressing, forMÞ0, from the first of Eqs.~1! the com-
ponentC1 in terms of the componentC2 of the Salpeter
amplitudex and inserting this into the second of Eqs.~1!
yields an eigenvalue equation forC2 with the bound-state
mass squared as eigenvalue:

M2 C2~k!54 E2~k! C2~k!12 E~k!E
0

`dk8 k82

~2p!2
V0~k,k8!

3C2~k8!12E
0

`dk8 k82

~2p!2 F m2

E~k!
V0~k,k8!

1
k k8

E~k!
V1~k,k8!GC2~k8!1E

0

`dk8 k82

~2p!2

3F m

E~k!
V0~k,k8!

m

E~k8!

1
k

E~k!
V1~k,k8!

k8

E~k8!
G

3E
0

`dk9 k92

~2p!2
V0~k8,k9! C2~k9!.

In order to convert this eigenvalue equation to mat
form, we introduce suitable sets of basis functions for
Hilbert spaceL2(R1) of @with weight functionw(x)5x2]
square-integrable functionsf (x) on the positive real lineR1

~see@1#!. For a given valuel 50,1,2, . . . of theangular mo-
mentum of their counterparts in three dimensions, the b
functions are calledf i

( l )(r ) in configuration space an
f i

( l )(p) in momentum space. They are the same as in Ref@1#
apart from the fact that the real variational parameterm.0
there is replaced here by the massm of the bound-state con
stituents and that, consequently, normalizability of the ba
vectors demandsm.0; their main features are summarize
in Appendix A. ExpandingC2(p) in terms of the radial basis
functionsf i

(0)(p), the instantaneous Bethe-Salpeter equat
is solved by diagonalizing a matrix,

Mi j 5Ai j 1Bi j 1Ci j
(1)1Ci j

(2)1Di j
(1)1Di j

(2) ,

with the abbreviations

Ai j [4E
0

`

dk k2 E2~k! f i
(0)~k! f j

(0)~k!,

Bi j [
2

~2p!2E0

`

dk k2 E~k! f i
(0)~k!

3E
0

`

dk8 k82 V0~k,k8! f j
(0)~k8!,
03600
e
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Ci j
(1)[

2 m2

~2p!2E0

`dk k2

E~k!
f i

(0)~k!

3E
0

`

dk8 k82 V0~k,k8! f j
(0)~k8!,

Ci j
(2)[

2

~2p!2E0

`dk k3

E~k!
f i

(0)~k!

3E
0

`

dk8 k83 V1~k,k8! f j
(0)~k8!,

Di j
(1)[

m2

~2p!4E0

`dk k2

E~k!
f i

(0)~k!E
0

`dk8 k82

E~k8!
V0~k,k8!

3E
0

`

dk9 k92 V0~k8,k9! f j
(0)~k9!,

Di j
(2)[

1

~2p!4E0

`dk k3

E~k!
f i

(0)~k!E
0

`dk8 k83

E~k8!
V1~k,k8!

3E
0

`

dk9 k92 V0~k8,k9! f j
(0)~k9!.

The solution of this eigenvalue problem~of course, only for
a finite matrix sized) proceeds, step by step, exactly alo
the lines presented in much more detail in Ref.@1#.

First of all, we introduce the matrix elements of th
squareE2 of the kinetic energy:

Ki j ~m![E
0

`

dk k2 E2~k! f i
(0)~k! f j

(0)~k!.

Furthermore, in order to evaluate the term
Bi j ,Ci j

(1) , . . . ,Di j
(2) analytically, which requires repeated a

plications of the Fourier-Bessel transformations~A2!, we
have to expand several expressions involved in these i
grals in terms of the appropriate set of momentum-space
sis functionsf i

( l )(k), l 50,1 @cf. Eqs.~28!, ~31!, ~32! of Ref.
@1##:

E~k! f i
(0)~k!5(

j 50

N

bji ~m! f j
(0)~k!,

k

E~k!
f i

(0)~k!5(
j 50

N

cji f j
(1)~k!,

k f i
(0)~k!5(

j 50

N

dji ~m! f j
(1)~k!,

1

E~k!
f i

(0)~k!5(
j 50

N

eji ~m! f j
(0)~k!.

As consequence of the orthonormality of the momentu
space basis functionsf i

( l )(p), the expansion coefficient
7-2
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bi j (m), ci j , di j (m), and ei j (m) may be expressed in th
form @cf. Eqs.~29!, ~33!, ~34! of Ref. @1##

bi j ~m!5E
0

`

dk k2 E~k! f i
(0)~k! f j

(0)~k!,

ci j 5E
0

`dk k3

E~k!
f i*

(1)~k! f j
(0)~k!,

di j ~m!5E
0

`

dk k3 f i*
(1)~k! f j

(0)~k!,

ei j ~m!5E
0

`dk k2

E~k!
f i

(0)~k! f j
(0)~k!.

These expansion coefficients are, of course, not indepen
but satisfy several~only in the limit N→`, exact! relations
of the kind

(
r 50

N

bri ~m! br j ~m!5(
r 50

N

dri* ~m! dr j ~m!1m2 d i j 5Ki j ~m!,

(
r 50

N

bri ~m! er j ~m!5d i j ,

(
r 50

N

dir ~m! er j ~m!5ci j .

Employing these relations in order to investigate system
cally the errors induced by the truncations of the expans
series inMi j , one finds that, for instance, ford515 ~i.e.,
15315 matrices! and forN549 ~i.e., a truncation to the firs
50 basis vectors!, all the above relations are satisfied wi
relative errors less than 3%.

Finally, we will need the expansions of the expressio
V(r ) f i

( l )(r ) in terms off i
( l )(r ):

V~r ! f i
( l )~r !5(

j 50

N

Vji
( l )~m! f j

( l )~r !, l 50,1.
03600
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Quite obviously, hereVi j
( l )(m) is the real and symmetric ma

trix of expectation values of the interaction potentialV(r )
with respect to our basis functionsf i

( l )(r ) for a givenl:

Vi j
( l )~m!5E

0

`

dr r 2 V~r ! f i
( l )~r ! f j

( l )~r !. ~2!

In Refs.@5–7# it has been shown that, for interaction pote
tials of the power-law form

V~r !5(
n

an r bn

~with sets of arbitrary real constantsan andbn), the expec-
tation valuesVi j

( l )(m) can be easily worked out algebraicall
for their algebraic expression for the most general case, c
sult either Sec. IV of Ref.@5#, Sec. 3.10 of Ref.@6#, or Sec.
2.8.1 of Ref.@7#.

With the aid of the above series expansions, the Four
Bessel transformations~A2!, and the definition~2! of the
matrix elementsVi j

( l )(m) of the interaction potentialV(r ), the
matrix Mi j is approximated by the~at least, for all power-
law potentials! algebraic expression

Mi j 54 Ki j ~m!12 (
r 50

N

bri ~m! Vr j
(0)~m!12 m2 (

r 50

N

eri ~m!

3Vr j
(0)~m!12 (

r 50

N

(
s50

N

cri* Vrs
(1)~m! ds j~m!

1m2 (
r 50

N

(
s50

N

(
t50

N

eri ~m! Vrs
(0)~m! est~m! Vt j

(0)~m!

1(
r 50

N

(
s50

N

(
t50

N

cri* Vsr
(1)~m! cst Vt j

(0)~m!. ~3!

The explicit evaluation of the matrix elementsKi j (m) of
the kinetic energy squared and of the various expansion
efficients bi j (m), ci j , di j (m), and ei j (m) is a tedious but
straightforward task. One obtains, forKi j (m) ~cf. Sec. 2.2 of
Ref. @1#!,
Ki j ~m!5
4 m2

p A~ i 11! ~ i 12! ~ j 11! ~ j 12!
(
r 50

i

(
s50

j

~22!r 1sS i 12

i 2r D S j 12

j 2sD ~r 11! ~s11!

3F (
k50

ur 2su S ur 2su

k DG„1
2 ~k11!…G„1

2 ~11r 1s1ur 2su2k!…

G„1
2 ~21r 1s1ur 2su!…

cosS k p

2 D
2 (

k50

r 1s14 S r 1s14

k DG„1
2 ~k11!…G„1

2 ~512 r 12 s2k!…

G~31r 1s!
cosS k p

2 D G ,

or, in matrix form,
7-3
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K~m![„Ki j ~m!…52 m2S 1
1

A3
•••

1

A3

5

3
•••

A A �

D ,

and, for the expansion coefficientsbi j (m),

bi j ~m!5
4 m

p A~ i 11! ~ i 12! ~ j 11! ~ j 12!
(
r 50

i

(
s50

j

~22!r 1sS i 12

i 2r D S j 12

j 2sD ~r 11! ~s11!

3F (
k50

ur 2su S ur 2su

k DG„1
2 ~k11!…G„1

2 ~21r 1s1ur 2su2k!…

G„1
2 ~31r 1s1ur 2su!…

cosS k p

2 D
2 (

k50

r 1s14 S r 1s14

k DG„1
2 ~k11!…G„1

2 ~612 r 12 s2k!…

G„1
2 ~712 r 12 s!…

cosS k p

2 D G
-
io

-
nd-
or, in matrix form,

b~m![„bi j ~m!…5
64m

5p S 1

3

1

7 A3
•••

1

7 A3

11

27
•••

A A �

D .

In order to evaluate the expansion coefficientsci j and
ei j (m), we introduce the integrals

I i j
(n)~m![E

0

`dk k21n

E~k!
f i

(0)~k! f j
(0)~k!, n50,1,2, . . . ,

Ji j
(n)~m![E

0

`dk k21n

E~k!
f i*

(1)~k! f j
(0)~k!, n50,1,2, . . . ;

~4!

the ~somewhat lengthy! explicit expressions of these inte
grals are given in Appendix B. From the latter, the expans
coefficientsci j andei j (m) are derived by restrictingn to the
appropriate values:ci j 5Ji j

(1) andei j (m)5I i j
(0)(m). Explicitly,

these matrices read

c[~ci j !5 i
1024

9!! p S A3
7

11
•••

A15

11

113A5

143
•••

A A �

D ,
03600
n

e~m![„ei j ~m!…

5
256

7!! p mS 1 2
1

3 A3
•••

2
1

3 A3

89

99
•••

A A �

D ,

where

~2 n11!!! [1333•••3~2 n21!3~2 n11!,

n50,1,2, . . . .

The analytic results for the expansion coefficientsdi j (m)
have already been derived in Ref.@1#; there is no need to
duplicate this formula or the matrixd(m)[„di j (m)… here.

As has been done in Ref.@1#, we shall adopt, as the sim
plest model for a confining interaction between the bou
state constituents, a linear potential:V(r )5l r , l.0. For
this interaction, the general expression forVi j

( l )(m) given in
Refs.@5–7# simplifies to~cf. Sec. 2.2 of Ref.@1#!

Vi j
( l )~m,l!5A i ! j !

G~2 l 1 i 13! G~2 l 1 j 13!

l

2 m

3(
r 50

i

(
s50

j
~21!r 1s

r ! s! S i 12 l 12

i 2r D
3S j 12 l 12

j 2s DG~2 l 1r 1s14!;

the explicit potential matricesV( l )(m,l)[„Vi j
( l )(m,l)…, l

50,1, are given in Ref.@1#.
7-4
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The dependence of all these quantities on the dimensi
parameters in the theory, viz., the massm of the bound-state
constituents and the slopel of the linear potential, may be
inferred already on dimensional grounds:

Ki j ~m!5m2 Ki j ~1!,

bi j ~m!5m bi j ~1!,

di j ~m!5m di j ~1!,

ei j ~m!5
1

m
ei j ~1!,

Vi j
( l )~m,l!5

l

m
Vi j

( l )~1,1!, l 50,1, . . . ;

the expansion coefficientsci j are independent of the bound
state constituents’ massm. Factorizing off the dependence o
m andl in the matrixMi j , Eq. ~3!, we end up with

Mi j 54 m2 Ki j ~1!12 l (
r 50

N

@bri ~1!1eri ~1!#Vr j
(0)~1,1!

12 l (
r 50

N

(
s50

N

cri* Vrs
(1)~1,1! ds j~1!

1
l2

m2 (
r 50

N

(
s50

N

(
t50

N

eri ~1! Vrs
(0)~1,1! est~1! Vt j

(0)~1,1!

1
l2

m2 (
r 50

N

(
s50

N

(
t50

N

cri* Vsr
(1)~1,1! cst Vt j

(0)~1,1!.

Approximate solutions of the Bethe-Salpeter equation
found by diagonalizingMi j .

III. A FEW ILLUSTRATIVE RESULTS

Mimicking the analysis of Ref.@1#, let us investigate first
the cased51 andN50. For i 5 j 50, we find, for the first
elements of the matricesK(1), b(1), c, d(1), ande(1),

K00~1!52, b00~1!5
64

15p
, c005 i

1024

315A3 p
,

d00~1!5 i
A3

2
, e00~1!5

256

105p
,

and, for the expectation valuesV( l )(1,1), l 50,1, of the linear
potential~cf. Sec. III of Ref.@1#!,

V00
(0)~1,1!5

3

2
, V00

(1)~1,1!5
5

2
.

These matrix elements yield, for the bound-state massM
squared, the analytic result
03600
al

e

M258 m21
8896

315p
l1

23

7 S 128l

45p mD 2

~mÞ0!.

From this formula, we obtain, for a bound-state constituen
massm50.9 GeV and a typical valuel50.2 GeV2 of the
slope of the linear potential@8#, for the bound-state mas
M52.900 GeV. This is only 10% away from the ‘‘exact
result M52.637 GeV for the ground-state mass, compu
for a matrix sized515 ~that is, a 15315 matrix! and N
549 ~that is, taking into account the first 50 basis function!
in the expansions performed at intermediate steps.

In general, that is, for matrix sizesd.4, the diagonaliza-
tion of our matrixMi j can be done only numerically. Tabl
I illustrates, for the lowest-lying radial excitations, the rath
rapid convergence of the bound-state massesM, obtained as
square roots of the eigenvalues ofMi j , with increasing ma-
trix size d to the numerically computed ‘‘exact’’ results.

Figure 1 shows the dependence of the binding ener
~i.e., the differencesM22 m of the eigenvaluesM of the
instantaneous Bethe-Salpeter equation and the sum of
massesm of the two bound-state constituents! of the lowest-
lying bound states onm. We observe perfect agreement
our findings with results presented in Fig. 1 of Ref.@9#.

IV. SUMMARY, CONCLUSIONS, AND OUTLOOK

In the present investigation we developed a technique
the approximative solution of the instantaneous Bet
Salpeter equation with massive bound-state constituents
a reformulation of this equation of motion as an equivale
matrix eigenvalue problem. Combining these findings w
the analogous result obtained within a similar analysis for
slightly simpler case of massless bound-state constitu
presented in Ref.@1#, we arrive at the conclusion that, for
suitable choice of basis states in the Hilbert space of s
tions, it is for a large class of interactions possible to conv
the Bethe-Salpeter equation in the instantaneous approx
tion for the involved interaction kernel into an eigenval
problem for an explicitly known matrix, with matrix ele
ments given in the form of analytic expressions. The m

TABLE I. Differences M22 m of the eigenvaluesM of the
instantaneous Bethe-Salpeter equation and the sum of the masm
of the bound-state constituents, in units of GeV, for two spin1

2

fermions of massm50.1 GeV, that experience an interaction d
scribed by a linear potential with slopel50.2 GeV2 and that form
bound states of radial quantum numbernr50,1,2 and spin-parity-
charge conjugation assignmentJPC5021 ~called 11S0 , 21S0, and
31S0 in the usual spectroscopic notation! as functions of the matrix
sized for N549 ~i.e., considering 50 basis vectors! in the interme-
diate series expansions. The last row compares these differe
with the outcome of a numerical computation.

d 11S0 21S0 31S0

15 1.477 2.147 2.918
25 1.461 2.095 2.698
50 1.461 2.074 2.560
purely numerical 1.4613 2.0740 2.5580
7-5
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advantage of our formalism is that, due to the scaling beh
ior of the involved quantities, in actual applications~like
fitting procedures! the required matrices must be calculat
only once~for, e.g., unit values of all the physical param
eters!. As a consequence of the explicit knowledge of t
matrix representation of the instantaneous Bethe-Salp
equation, the eventual diagonalization of this matrix rep
sents the only numerical operation required by this met
of solution.

The next step must be to apply this formalism to realis
~i.e., phenomenologically acceptable! models of the inter-
quark forces, capable of reproducing the experimentally
served hadron spectra and features by describing hadro
bound states of quarks.
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APPENDIX A: THE ‘‘GENERALIZED LAGUERRE’’ BASIS

Our choice of basis states forL2(R1) is fixed by the
configuration-space representation

f i
( l )~r !5A~2 m!2 l 13 i !

G~2 l 1 i 13!
r lexp~2m r! Li

(2 l 12)~2 m r!,

i 50,1,2, . . . , ~A1!

FIG. 1. Dependence of the differencesM22 m of the eigenval-
uesM of the instantaneous Bethe-Salpeter equation and the su
the massesm of the bound-state constituents for the three lowe
lying JPC5021 bound states, obtained from a time-compone
Lorentz-vector confining interaction kernel involving a linear p
tentialV(r )5l r with slopel50.2 GeV2, on the bound-state con
stituents’ massm ~all masses in units of GeV!. The chosen trunca
tion parameters areN549 in the intermediate series expansions
well asd515 for the matrix size~except form50.1 GeV, where, in
order to increase the accuracy,d550 has been used!.
03600
v-

ter
-
d

c

-
as
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-

which involves the generalized Laguerre polynomia
Li

(g)(x) ~for the parameterg); the latter quantities are or
thogonal polynomials which are defined by the power se
@4#

Li
(g)~x!5(

t50

i

~21! tS i 1g

i 2t D xt

t!
, i 50,1,2, . . . ,

and which are orthonormalized, with the weight functio
xg exp(2x), according to@4#

E
0

`

dx xg exp~2x! Li
(g)~x! L j

(g)~x!5
G~g1 i 11!

i !
d i j ,

i , j 50,1,2, . . . .

The necessary normalizability of the Hilbert-space ba
functions f i

( l )(r ) is guaranteed by the positive numeric
value of the massm of the bound-state constituents:m.0.
The basis functionsf i

( l )(r ) defined by Eq.~A1! satisfy the
orthonormalization condition

E
0

`

dr r 2 f i
( l )~r ! f j

( l )~r !5d i j , i , j 50,1,2, . . . .

Note that the configuration-space representation of our b
states is chosen to be real. The corresponding momen
space representationf i

( l )(p) of the L2(R1) basis states un
der consideration is obtained from Eq.~A1! by a Fourier-
Bessel transformation~recall that one is dealing her
exclusively with theradial parts of theL2(R3) basis func-
tions!:

f i
( l )~r !5 i l A2

pE0

`

dp p2 j l~p r ! f i
( l )~p!,

i 50,1,2, . . . , l 50,1,2, . . . , ~A2!

f i
( l )~p!5~2 i! l A2

pE0

`

dr r 2 j l~p r ! f i
( l )~r !,

i 50,1,2, . . . , l 50,1,2, . . . .

Explicitly, it reads

f i
( l )~p!5A~2 m!2 l 13 i !

G~2 l 1 i 13!

~2 i! l pl

2l 11/2G~ l 1 3
2 !

(
t50

i
~21! t

t!

3S i 12 l 12

i 2t DG~2 l 1t13! ~2 m! t

~p21m2!(2 l 1t13)/2

3FS 2 l 1t13

2
,2

11t

2
; l 1

3

2
;

p2

p21m2D ,

i 50,1,2, . . . , ~A3!

of
-
t

s
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with the hypergeometric seriesF, defined, in terms of the
gamma functionG, by @4#

F~u,v;w;z!5
G~w!

G~u! G~v ! (
n50

`
G~u1n! G~v1n!

G~w1n!

zn

n!
.

The momentum-space basis functionsf i
( l )(p) satisfy the or-

thonormalization condition

E
0

`

dp p2 f i*
( l )~p! f j

( l )~p!5d i j , i , j 50,1,2, . . . .

The availability of the Fourier transform of our basis fun
tions f i

( l )(r ) in analytic form represents the main advanta
of our choice~A1!. Note that the momentum-space ba
functions are real forl 50, as well as for all even values ofl:

f i*
( l )~p!5f i

( l )~p! for l 50,2,4, . . . , ; i 50,1,2, . . . .

In order to get rid of that rather difficult-to-handle hyperge
metric seriesF in Eq. ~A3!, we occasionally take advantag
of a somewhat simplified form of the momentum-space ba
functionsf i

( l )(p), namely, forl 50 @5#,
03600
e

-

is

f i
(0)~p!5A i !

m p G~ i 13!

4

p (
t50

i

~22! t ~ t11!S i 12

i 2t D
3S 11

p2

m2D 2(t12)/2

sinS ~ t12!arctan
p

mD ,

and, for l 51,

f i
(1)~p!52 iA m5

p ~ i 11! ~ i 12! ~ i 13! ~ i 14!

8

p2

3(
t50

i
~22! t

t! S i 14

i 2t D ~ t13!! mt

~p21m2!(t13)/2

3FAp21m2

t12
sinS ~ t12!arctan

p

mD
2

m

t13
sinS ~ t13!arctan

p

mD G .
The latter form of the basis functions is obtained with t
help of a suitable recursion formula@4#.
-

APPENDIX B: SOME USEFUL INTEGRALS

With the help of the simplified forms of the basis functionsf i
(0)(p) andf i

(1)(p) recalled in Appendix A, explicit expres
sions for the integrals defined in Eq.~4! may be found:

I i j
(n)~m!5

4 mn21

p A~ i 11! ~ i 12! ~ j 11! ~ j 12!
(
r 50

i

(
s50

j

~22!r 1sS i 12

i 2r D S j 12

j 2sD ~r 11! ~s11!

3F (
k50

ur 2su S ur 2su

k DG„1
2 ~k1n11!…G„1

2 ~41r 1s1ur 2su2n2k!…

G„1
2 ~51r 1s1ur 2su!…

cosS k p

2 D
2 (

k50

r 1s14 S r 1s14

k DG„1
2 ~k1n11!…G„1

2 ~812 r 12 s2n2k!…

G„1
2 ~912 r 12 s!…

cosS k p

2 D G
and

Ji j
(n)~m!5 i

8 mn21

p A~ i 11! ~ i 12! ~ i 13! ~ i 14! ~ j 11! ~ j 12!
(
r 50

i

(
s50

j

~22!r 1s ~r 11! ~r 12! ~r 13! ~s11!S i 14

i 2r D S j 12

j 2sD
3H 1

r 12 F (
k50

ur 2su S ur 2su

k DG„1
2 ~n1k!…G„1

2 ~51r 1s1ur 2su2n2k!…

G„1
2 ~51r 1s1ur 2su!…

cosS k p

2 D
2 (

k50

41r 1s S 41r 1s

k DG„1
2 ~n1k!…G„1

2 ~912 r 12 s2n2k!…

G„1
2 ~912 r 12 s!…

cosS k p

2 D G
2

1

r 13 F (
k50

u11r 2su S u11r 2su

k DG„1
2 ~n1k!…G„1

2 ~61r 1s1u11r 2su2n2k!…

G„1
2 ~61r 1s1u11r 2su!…

cosS k p

2 D
2 (

k50

51r 1s S 51r 1s

k DG„1
2 ~n1k!…G„1

2 ~1112 r 12 s2n2k!…

G„1
2 ~1112 r 12 s!…

cosS k p

2 D G J .
7-7
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