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Instantaneous Bethe-Salpeter equation: Analytic approach for nonvanishing masses
of the bound-state constituents
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The instantaneous Bethe-Salpeter equation, derived from the general Bethe-Salpeter formalism by assuming
that the involved interaction kernel is instantaneous, represents the most promising framework for the descrip-
tion of hadrons as bound states of quarks from first quantum-field-theoretic principles, that is, quantum chro-
modynamics. Here, by extending a previous analysis confined to the case of bound-state constituents with
vanishing masses, we demonstrate that the instantaneous Bethe-Salpeter equation for bound-state constituents
with (definitely) nonvanishing masses may be converted into an eigenvalue problem for an explicity—more
precisely, algebraically—known matrix, at least, for a rather wide class of interactions between these bound-
state constituents. The advantages of the explicit knowledge of this matrix representation are self-evident.
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I. INTRODUCTION dent componentsy¥; and ¥,. For two fermions of equal
massesn and internal momenturk, in the bound state’s rest

In principle, the appropriate tool for the description of frame it reads in momentum space
bound states within relativistic quantum field theory is the o "
Bethe-Salpeter formalism. However, attempts to solve the _ 7 ol. .
Bethe-Salpeter equation face several, well-known obstacles. x(K)=1¥1(k) E(k) (k) v s
In view of this, in practical applications usually the easier-
to-handle instantaneous approximation for the involved interE(K)=vk*+m?, k=|k|, is the energy of a free particle of
action kernel is considered. massm and momentunk. We confine ourselves to the case

In a recent papefl] we introduced, for the somewhat J=0, that is, to bound states with spin-parity-charge conju-
simpler example of massless bound-state constituents, gation assignmeni”“=0"", denoted by'S; in the usual
technique for converting the instantaneous Bethe-Salpet&iP€ctroscopic notation.
equation into an eigenvalue problem for an explicitly given By expanding the Salpeter amplitude into some conve-
matrix. Here, the analysis of Rdfl] is extended to the case hient set of basis matrices in Dirac space and after factoriz-
of nonvanishing masses of the bound-state constituents. ing off the (vectoy spherical harmonics depending on the
angular variables, the instantaneous Bethe-Salpeter equation
for fermion-antifermion bound states can be reduced to a set
of coupled equations for radial wave functidr&y. For pure
time-component Lorentz-vector interactions, i.8%® y°

Our goal is to demonstrate the possibility of convertingkernels, it read$2,3]
the Bethe-Salpeter equation to a matrix equation. Thus, let us 2
accept the same simplifying assumptions as in Rgf.The =dk’ Kk’ , ,
propagators in the Bethe-Salpeter equation may be approxi-2 E(k) Wa(k) + JO (27)2 Vo(k,k") Wo(k') =M ¥4 (k),
mated by free propagators with some kind of effective

Il. BETHE-SALPETER EQUATION AS A MATRIX
EQUATION

masses of the bound-state constituents. The bound-state con- »dk’ k2 m
stituents have equal masses. 2E(k) ‘lfl(k)+f ——| =~ Vo(k,k') ——
Paralleling the discussion in Refl], we consider o (2m)? [E(K) E(k")

fermion-antifermion bound states with spify parity P

=(—1)’"! and charge-conjugation quantum numb@r +LV (k.K')
=(—1)". The corresponding equal-time Bethe-Salpeter am- E(k) " TE(K)
plitude, or “Salpeter amplitude,’y involves two indepen-

!

1‘1’1(k')='\/| Wok), (1)

where, expressed in terms of a static interaction potential
V(r) in configuration space,
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L=0,12.... 2m2 r=dk k2
cW= J’ _¢.(0)(|()
: _ - U (2m)2)o E(K)
Here,j,(2) (n=0,+1,+2,...) are thespherical Bessel func-
tions of the first kind'4]. "
Expressing, foM #0, from the first of Eqs(1) the com- ><J dk’ k"2 Vo(k,k') (O (k"),
ponentWV, in terms of the component¥, of the Salpeter 0
amplitude y and inserting this into the second of Ed%)
yields an eigenvalue equation fdf, with the bound-state s 2 [=dkK
; c@= —— (k)
mass squared as eigenvalue: U 2m2)o E(k) T
2 2 =dk’ kr2 ” 71’3 ’ O) /1
M2 W, (k) =4 E?(k) ¥5(k)+2 E(k)f Vo(k,k") X dk k"2 Vi(k,k") ¢ (k"),
0 (2m)? 0
X (k'>+2jmdkl k,z[ " Vo) =" fwdkk2¢‘°’<k>fwdk/ Ve
2 o (2m)?2 [E(k) "0 T 2m)t)o E(k) o E(k)
. ’ Vl(k7k,)}q}2(k,)+ Joc 'k’2 % j”dk// anVO(k/'ku) ¢](0)(kl/)'
E(k) o (2m)2 0
y m Y (k k’) m D(Z)— 1 J‘wdkk3 (0)(k)foodk’ k'3V (k k,)
E " TE®K) 1 (2m)* o E(K) ¢ o E(k')
. Vl(k,k,) ’ % f“dkn k/rZVO(k/'klr) (ﬁ](o)(k")
E(k) E(k") 0
sd K’ K2 The solution of this eigenvalue problefof course, only for
f 5 Vo(k',K") y(K"). a finite matrix sized) proceeds, step by step, exactly along
0 (2m) the lines presented in much more detail in Réi.

d his e | . . First of all, we introduce the matrix elements of the
In order to convert this eigenvalue equation to matr'xsquareEz of the kinetic energy:

form, we introduce suitable sets of basis functions for the
Hilbert spacel,(R") of [with weight functionw(x)=x?] =
square-integrable functiorf§x) on the positive real lin®" Kij(m)Ef dk k2 E2(k) ¢{V(k) ¢{V(k).

(see[1]). For a given valué=0,1,2... of theangular mo- 0

mentum of their counterparts in three dimensions, the basis Furthermore, in order to evaluate the terms

functions are calledq’)i(')(r) in configuration space and B Ci(jl) Di(jz) analytically, which requires repeated ap-

| . . ) ¥yttt L]
¢{"(p) in momentum space. They are the same as in[B¥f. pjications of the Fourier-Bessel transformatiof2), we
apart from the fact that the real variational parameter0  have to expand several expressions involved in these inte-
there is replaced here by the mas®f the bound-state con- grals in terms of the appropriate set of momentum-space ba-

stituents and that, consequently, normalizability of the basig;js functionsg(!’(k), 1=0,1[cf. Egs.(28), (31), (32) of Ref.
vectors demandm>0; their main features are summarized [17): '

in Appendix A. ExpandingV,(p) in terms of the radial basis
functionSqSi(o)(p), the instantaneous Bethe-Salpeter equation o N o
is solved by diagonalizing a matrix, E(k) ¢ )(k)=jzo bji(m) ¢{V(k),

Kk N
— O Ky = ey
with the abbreviations E(k) ¢ (k) J.ZO cji ¢y (K),
* N
= 2 (0) (0)
o ) 1 N
= — ) 0 _ 0
Bij (zw)Zfo dk IR E(k) ¢{”(k) =0 A )(k)_go ei(m) ¢ (k).
Xfwdk’ k'2Vy(k,k) ¢](°)(k’), As consequence qf the(l)orthonormality of the momgntum-
0 space basis functiong;’(p), the expansion coefficients
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bij(m), cij, dij(m), and e;;(m) may be expressed in the Quite obviously, her&/{(m) is the real and symmetric ma-
form [cf. Egs.(29), (33), (34) of Ref. [1]] trix of expectation vaIues of the interaction potentigr)
with respect to our basis functiorﬁ')(r) for a givenl:

m= | O (k) @ .
b”(m) fO dksz(k) ¢| (k) d)] (k), (|)(m)_f drrZV(r)¢>i(')(r) ¢J(|)(r). (2)

Cii= focd kic ¢t (k) $(K), In Refs.[5-7] it has been shown that, for interaction poten-
b E(k) ™ tials of the power-law form

dij(m)=f:dkk3¢r“)(k) #O(K), V(f)=; ar®

(with sets of arbitrary real constardg andb,,), the expec-
tation valuegli(j')(m) can be easily worked out algebraically;
for their algebraic expression for the most general case, con-
sult either Sec. IV of Ref{5], Sec. 3.10 of Ref|6], or Sec.
These expansion coefficients are, of course, not independepi8.1 of Ref.[7].

»dk K
" = | —— 3O (0)
ey(m)= | g 670 0K

but satisfy severalonly in the limit N—oo, exac} relations With the aid of the above series expansions, the Fourier-
of the kind Bessel transformationéA2), and the definition(2) of the
N matrix eIementS/i(j')(m) of the interaction potentiaf(r), the

- matrix M;; is approximated by théat least, for all power-
Z br; (M) by (m)= 2 dsi (m) d”(m)+m 9ij = Kij(m), law potential$ algebraic expression

N N N

2, bi(m)e(m)=3, Mi=4Kii(m)+2 3, by(m) ViP(m)+2m? >, eq(m)

N N

0 1
> di(m)ej(m)=c;. XV )+2§=: Z‘ cf; Vis(m) dsj(m)
r=0
N N N

Employing these relations in order to investigate systemati- 2
cally the errors induced by the truncations of the expansion +m 20 520 tzzo ri(m) V (m) es(m) V (m)

series inM;;, one finds that, for instance, far=15 (i.e., NN N

15X 15 matrices and forN=49 (i.e., a truncation to the first * (1) )

50 basis vectops all the above relations are satisfied with +20 SZO t:EO Cri Vsr (M) Cot V(M)
relative errors less than 3%.

Finally, we will need the expansions of the expressions T explicit evaluation of the matrix elemerits, (m) of

()

V(r) ¢{(r) in terms of (" (r): the kinetic energy squared and of the various expansion co-
efficientsb;;(m), c;;, dj;(m), ande;;(m) is a tedious but
V(r) ¢(')(r) E V(')(m) ¢(|)(r)’ 1=0.1. straightforward task. One obtains, figf; (m) (cf. Sec. 2.2 of
! Ref.[1]),
|
4m? j+2

Kjj(m)= (r+1)(s+1)

$ 3o

a(i+1)(i+2)(j+1)(j+2) 1 i—r/\j—s

5 s

8 k 3

FG(k+1))TG(A+r+s+|r—s|—k)) {kw)
co

k=0 FG(2+r+s+|r—s|))

r+s+4

-2

r+s+4

FGk+1))IrG(5+2r+2s—k)) k
I(3+r+s) °°5<T)

or, in matrix form,
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1 L
V3
K(m=(Kj(m)=2m* 1 5 :
3 3
and, for the expansion coefficieritg (m),
4m L i+2\[j+2
b;i(m)= —2)rts| : 1 1
i(m) 7N+ (i+2)(j+1)(j+2) 7 2 2 ) (I—r j—s (redseh)
Ir=sl <|r—s| FG(k+1)TE(2+r+s+|r—s|—k)) {k”)
x| > co§ —
= FG(3+r+s+|r—s|)) 2
”25*4 r+s+4\TG(k+1)TE(6+2r+25-kK)) s(kw)
rG(7+2r+25s)) 2
[
or, in matrix form, e(m)=(g;(m))
Lo 1
3 748 256 . :93
—(h. (T T 7ham| = %
b(m)= (b ()= u "™ T3 F e

7.3

In order to evaluate the expansion coefficiemts and
&;;(m), we introduce the integrals

~dk I

1P(m)= fo g 470 4%, n=012...,
~dK 1"

3P (m)= fo Eqg ¢ 0 ¢k, n=012..;

(4)

the (somewhat lengthyexplicit expressions of these inte-

grals are given in Appendix B. From the latter, the expansion

coefficientsc;; ande;;(m) are derived by restricting to the
appropriate values;; = J{" ande;; (m) =1{?(m). Explicitly,
these matrices read

7
B
1024
CE(Cij):igT \/1_5 113\/5 E
B 11 143

where

2n+1)N=1X3X---X(2n—=1)X(2n+1),

n=0,12... .

The analytic results for the expansion coefficiedfgm)
have already been derived in R¢L]; there is no need to
duplicate this formula or the matrisl(m)=(d;;(m)) here.

As has been done in Rdfl], we shall adopt, as the sim-
plest model for a confining interaction between the bound-
state constituents, a linear potentisffr)=\r, A>0. For
this interaction, the general expression ¥df(m) given in
Refs.[5-7] simplifies to(cf. Sec. 2.2 of Ref{1])

VO(m \/ inj! A
(M) = r(2|+i+3)r(2|+j+3)ﬁ
i j

XEE

s=0

—1)'*sfi+21+2

= sl i—r

j+21+2

I'2l+r+s+4);

the explicit potential matrices/)(m,\)=(V{’(m,))), |
=0,1, are given in Ref1].
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The dependence of all these quantities on the dimension
parameters in the theory, viz., the mas®f the bound-state
constituents and the slope of the linear potential, may be
inferred already on dimensional grounds:

Kij(m):m2 Kij(1),
bij(m)=mb;(1),

dij(m)=md;(1),

1
ej(m)= e.,(l)

A
VP (ma)= —v<'>(1,1), 1=0,1,...;

the expansion coefficients; are independent of the bound-
state constituents’ masa Factorizing off the dependence on
mand\ in the matrix M;; , Eq. (3), we end up with

N
Mi=4m?Kij(1)+2\ 2 [byi(1)+eq(DIVI(L,D

N
Z cx V(1,1 dgj(2)

HMZ

e (1) VIQ(1,1) eg(1) VIP(1,2)

+
3%
M =z
M =z
WMZ

_.
Il
o
2]
Il
o

N
Z L V(LD e VID(L,0).

HMZ

2

3|>’

Approximate solutions of the Bethe-Salpeter equation ar
found by diagonalizing\f;; .
Ill. A FEW ILLUSTRATIVE RESULTS

Mimicking the analysis of Refl1], let us investigate first
the cased=1 andN=0. Fori=j=0, we find, for the first
elements of the matricas(1), b(1), c, d(1), ande(1),

1024

i—y
3153 7

64
Koo(1)=2, boo(l)zm, Coo=

dog( 1 _B 1= 20
ool )-'7, ol )—m,

and, for the expectation valus$(1,1),1=0,1, of the linear
potential(cf. Sec. Il of Ref.[1]),

V(1,)==, VA=

I\)IU‘I

These matrix elements vyield, for the bound-state ndss
squared, the analytic result

03600

PHYSICAL REVIEW D 64 036007

al TABLE I. DifferencesM —2m of the eigenvaluesv of the
instantaneous Bethe-Salpeter equation and the sum of the nmasses
of the bound-state constituents, in units of GeV, for two spin-
fermions of massn=0.1 GeV, that experience an interaction de-
scribed by a linear potential with slope=0.2 GeV? and that form
bound states of radial quantum numirgr=0,1,2 and spin-parity-
charge conjugation assignmeHt®=0"" (called 1'S,, 2'S,, and
3's, in the usual spectroscopic notatjas functions of the matrix
sized for N=49 (i.e., considering 50 basis vectpia the interme-
diate series expansions. The last row compares these differences
with the outcome of a numerical computation.

d 11s, 2's, 3ls,
15 1.477 2.147 2.918
25 1.461 2.095 2.698
50 1.461 2.074 2.560
purely numerical 1.4613 2.0740 2.5580
M2— 8 m2-+ 8896)\+ 23[ 128\ 40
Mt 367t 71\ 257m)  (MFO

From this formula, we obtain, for a bound-state constituents’
massm=0.9 GeV and a typical valur=0.2 Ge\* of the
slope of the linear potentidl8], for the bound-state mass
M=2.900 GeV. This is only 10% away from the “exact”
resultM=2.637 GeV for the ground-state mass, computed
for a matrix sized=15 (that is, a 1% 15 matri¥ and N
=49 (that is, taking into account the first 50 basis functijons
in the expansions performed at intermediate steps.

In general, that is, for matrix sizes>4, the diagonaliza-
tion of our matrix M;; can be done only numerically. Table
I illustrates, for the lowest-lying radial excitations, the rather
rapid convergence of the bound-state maddesbtained as
square roots of the eigenvalues.bf;;, with increasing ma-
§rix sized to the numerically computed “exact” results.

Figure 1 shows the dependence of the binding energies
(i.e., the differencesvl —2 m of the eigenvalued of the
instantaneous Bethe-Salpeter equation and the sum of the
massesn of the two bound-state constituentsf the lowest-
lying bound states om. We observe perfect agreement of
our findings with results presented in Fig. 1 of R&f].

IV. SUMMARY, CONCLUSIONS, AND OUTLOOK

In the present investigation we developed a technique for
the approximative solution of the instantaneous Bethe-
Salpeter equation with massive bound-state constituents, by
a reformulation of this equation of motion as an equivalent
matrix eigenvalue problem. Combining these findings with
the analogous result obtained within a similar analysis for the
slightly simpler case of massless bound-state constituents
presented in Ref.l], we arrive at the conclusion that, for a
suitable choice of basis states in the Hilbert space of solu-
tions, it is for a large class of interactions possible to convert
the Bethe-Salpeter equation in the instantaneous approxima-
tion for the involved interaction kernel into an eigenvalue
problem for an explicitly known matrix, with matrix ele-
ments given in the form of analytic expressions. The main

7-5
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M-2mn which involves the generalized Laguerre polynomials
3 L{(x) (for the parametery); the latter quantities are or-
thogonal polynomials which are defined by the power series
2.5 (4]
2f ) : i+y\xt
LA00=2 (- . _ |5, i=012...,
f=o i—t/t!
1.5}
and which are orthonormalized, with the weight function
1l XY exp(—x), according td4]
o L(y+i+1)
0.2 0.4 0.6 0.8 1" fo dx X" exp( —x) L{Y(x) L{(x) = i ij )

FIG. 1. Dependence of the differendéls— 2 m of the eigenval- o
uesM of the instantaneous Bethe-Salpeter equation and the sum of ,j=012....
the massesn of the bound-state constituents for the three lowest-
lying JP¢=0"* pound states, obtained from a ’[ime-componentThe necessary normalizability of the Hilbert—space basis
Lorentz-vector confining interaction kernel involving a linear po- functions d)i(')(r) is guaranteed by the positive numerical
tential V(r) =X r with slopex=0.2 GeV?, on the bound-state con- value of the massn of the bound-state constituents:>0.

stituents’ massn (all masses in units of GeVThe chosen trunca- The basis functiongs{"’(r) defined by Eq(A1) satisfy the
tion parameters ard=49 in the intermediate series expansions asgrthonormalization condition

well asd= 15 for the matrix sizéexcept form=0.1 GeV, where, in
order to increase the accuracls=50 has been usgd ®
f drr2p(r) ¢(r)=5;, i,j=012... .
advantage of our formalism is that, due to the scaling behav- °

ior of the involved quantities, in actual applicatiofigke
fitting proceduresthe required matrices must be calculated
only once(for, e.g., unit values of all the physical param-

eters)_. As a consequence of the explicit knowledge of theder consideration is obtained from E@\1) by a Fourier-
matrix representation of the instantaneous Bethe-SaIpet%essel transformation(recall that one is dealing here

equation, the eventua}l diagonal!zation O.f this mat.rix repre- xclusively with theradial parts of thel,(R®) basis func-
sents the only numerical operation required by this metho@ons)_ 2

of solution.
The next step must be to apply this formalism to realistic > e
(i.e., phenomenologically acceptaplmodels of the inter- V() =i \/:f dp p?ji(pr) ¢ (p),
quark forces, capable of reproducing the experimentally ob- mJo
served hadron spectra and features by describing hadrons as
bound states of quarks. i=0,1,2..., 1=0,1,2..., (A2)

Note that the configuration-space representation of our basis
states is chosen to be real. The corresponding momentum-
space representatiof{’(p) of the L,(R") basis states un-
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i=0,12..., 1=012....
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Y (L S R G - Z (1)
APPENDIX A: THE “GENERALIZED LAGUERRE” BASIS éi(p)= T(21+i+3) g+ 2p(|4 2){=h 1!
Our choice of basis states fdr,(R") is fixed by the o142 .
configuration-space representation G I21+t+3)(2m)
i—t (p2+m2)(2|+t+3)/2
[(2m)* i 2142 21+t+3 1+t 3 p?
sV =\mmr———r'expg—mr)LE"" D 2mr), _ g2 P
i T(21+i+3) ' XFl—%——— '|+2’p2+m2 '
i=0,1.2.... (AL) i=0,1,2.... (A3)
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with the hypergeometric serids, defined, in terms of the © i+2
- 0)/ Y — t
gamma functiorl”, by [4] »(p) mqu“(|+3) pE —2)'(t+ )|
r'w) < T(u+n)T(v+n) 2" —(t+2)12
F(Uoiwiz) = (w) 2 (u+n) I'( )_. 2\ -~z o
F'(uwT'(v)i= I'(w+n) n! 1+— sin (t+2)arctann—1 ,
m
The momentum-space basis functiaﬂ@(p) satisfy the or- _
S " and, forl=1,
thonormalization condition
. D(py— _i \/ m 8
fo dp p* ¢ V(p) ¢ (p)=5;, 1,j=0,12.... PP =TIN D) (+2) (1+3) (1+4) p?
i .
The availability of the Fourier transform of our basis func- S (=2)'[i+4) (@t+3)!m'
tions ¢{")(r) in analytic form represents the main advantage ot li—t)(p24m?)t3)2
of our choice(Al). Note that the momentum-space basis ——
functions are real for=0, as well as for all even values bf ps+m” p
— Sin (t+2)arctanrﬁ
ot O(p=¢(p) for 1=024..., V i=012....
m p

In order to get rid of that rather difficult-to-handle hypergeo- t+3Sln (t+3)arctan—

metric seried= in Eq. (A3), we occasionally take advantage
of a somewnhat simplified form of the momentum-space basighe latter form of the basis functions is obtained with the
functions (" (p), namely, forl =0 [5], help of a suitable recursion formuld].

APPENDIX B: SOME USEFUL INTEGRALS

With the help of the simplified forms of the basis functiap®’(p) and ¢*)(p) recalled in Appendix A, explicit expres-
sions for the integrals defined in E@) may be found:

j+2
i—s (r+1)(s+1)

IFGk+n+1)C(G(4+r+s+|r—s|—n—k)) 5<k77)
[ (G(5+r+s+|r—s|)) 172

4 n—1 i i i+2
|(n)( m)= m 2 Z _ )r+s(

aNi+1) ([i+2)(j+1)(j+2) —r

XKEZ (|r;SI

”25*4 r+s+4\TG(k+n+1)TE(8+2r+2s—n—k)) s(kw>
FG(9+2r+2s) 872
and
8mn71 i ] J+2
(n) — r+s
A= 7T\/(H—l)(I+2)(I+3)(I+4)(J+1)(j+2 Z Z (=2) (r+1)(r+2)(r+3)(s+l) j—s

x[i Ir=sl |r—s|>F(g(n+k))l"(§(5+r+s+|r—s|—n—k))nos{k_ﬂ')
r+2 Kk TG(5+r+s+|r—s|) 2
YU (At +s\ TGN+ k) T(G(9+2r+25-n—K)  [kn
& k I'((9+2r+25s)) COS(T)]
1 [P 14—\ TG+ k)T G(6+r+s+|14+r—s|-n—k) [k
=R SO
" [5Hr+s|TG(N+k)TG(11+2r+2s-n-k) [km
B TG(11+2r+25) COS(T)”
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